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Partial Aircraft State Estimation from Visual Motion
Using the Subspace Constraints Approach
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The estimation of an aircraft motionfrom the optical � ow observed by a downward-lookingbody-� xed camera is
discussed. The estimation is based on the so-called subspace constraint, which arises when points stationary on the
environment are tracked on the image plane. The constraint can be combined with the aircraft dynamics, giving
rise to a nonlinear estimation problem. The problem was solved using an implicit extended Kalman � lter. The
suggested algorithm was implemented in a simulation, which veri� ed that the angle of attack, the angle of sideslip,
and the angular body pitch, yaw, and roll rates could be estimated. The estimation was shown to be unbiased with
a Monte Carlo method. Furthermore, the standard deviations of the estimation errors converged to reasonable
values after a relatively small time interval. An important feature of the method is that good performance was
achieved even when tracking a relatively small number of feature points, implying modest real-time computational
needs. The estimated signals could be used either for navigationor control.

Nomenclature
b = wingspan
CD = drag coef� cient
CK = induced drag coef� cient
CL = lift coef� cient
Cl = rolling moment coef� cient
Cm = pitching moment coef� cient
Cn = yawing moment coef� cient
CY = side force coef� cient
c = mean wing cord
h = altitude
Ix = rolling moment of inertia
Ix z = product of inertia about xz axis
Iy = pitching moment of inertia
Iz = yawing moment of inertia
m = mass
N = number of feature points
p = roll rate
q = pitch rate
r = yaw rate
S = reference wing area
T = engine thrust
u = axial velocity component
ug = wind gust along xB axis
Va = total airspeed
v = side velocity component
vg = wind gust along yB axis
w = normal velocity component
wg = wind gust along zB axis
® = angle of attack
¯ = angle of sideslip
±a = ailerons de� ection angle
±e = elevator de� ection angle
±r = rudder de� ection angle
µ = body pitch angle
½ = air density
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¾ = standard deviation
Á = body roll angle
Ã = body yaw angle

Subscripts

B = body coordinates
C = camera coordinates
E = Earth coordinates
x = @.¢/=@x

I. Introduction

T HIS paper deals with the problem of estimating the states of
an aircraft from the visual motion sensed by a camera com-

bined with the nonlinear dynamics governing the aircraft motion.
Speci� cally, suppose that the aircraft is provided with a body-
� xed, downward-looking camera capable of acquiring images at
a given frame rate. Optical � ow then refers to the apparent mo-
tion of structures in the image plane of the camera resulting from
the relative motion of the aircraft.1 Given that the optical � ow re-
sults from the motion of the aircraft and the structure of the scene,
it is a classical problem in computer vision to investigate the in-
verse problem of computing egomotion from optical � ow.2 Many
researchershave addressedthevisualmotionestimationproblemus-
ing a varietyof methods, such as analysisof topologicalmanifolds,2

epipolar constraints,3 and implicit subspace constraints.4 Applica-
tionsofvisualmotionestimationincludeautonomousnavigation,5 7

tracking,8 path-planning,9 robotics,10 and many more (see, for
example, Ref. 2 and the references therein).

The existing models for motion estimation may be classi� ed,
depending on the scene descriptors employed, as point, line, curve,
or model based. The simplest case is when the scene is described
by a number of feature points in the Euclidean three-dimensional
space.2;4 For line-basedschemes, see Refs. 6 and 7. The point-based
methods may be further classi� ed in terms of the camera model in
question. The simplest cases assume ideal perspective projection
(pinhole model).2;11 That is, the location of the three-dimensional
points on the scene are transformed into the two-dimensionalplane
by simple similarity rules.

Variations of the aircraft state estimation from the visual motion
problemhave been consideredin the literature before. For example,
in Ref. 6, the velocity-to-heightratio was estimated by using a stabi-
lized camera and a real-time processingof visual cues. In Ref. 7 the
authors used a stabilizedcamera and prestored terrain data to devise
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an autonomousnavigationsystem. This implies that a digital terrain
map with the desired accuracy should be stored in the navigation
computer memory and that the relatively expensive computational
task of terrain matching must be performed in real time. As op-
posed to this, the present work is not based on a prestored terrain
pro� le. Moreover, the sensor is not stabilized, so that no gimbals
and gimbal-control system are required, hence providing a more
reliable and cost-effective means for vehicle navigation. Note that
in contrast to other works,7;12 no simpli� cations regarding aircraft
dynamics are assumed. Throughout the analysis, a full six-degree-
of-freedom nonlinear aircraft model is used.

This work uses a point-based model as the scene descriptor, to-
getherwitha pinholecameramodel.Thus, the sceneis describedbya
numberof featurepointsextractedfrom theenvironmentusing some
existingimage processingalgorithm.The projectionsof thesepoints
on the image plane move according to an appropriate transforma-
tion of the aircraft motion from a body- to a camera-� xed reference
frame. Assuming that the points are static (or, more generally, all
belong to a rigid body) implies that the movementof the projections
is constrained by an implicit kinematic relationship known as the
subspace constraint.4 Ideally, the visual motion estimation problem
expressed via the subspace constraint could have been solved ex-
actly up to an ambiguityfactorby means of least-squaresinversion.4

However,becausethemeasurementof theseprojectionsis inevitably
corrupted by noise, a recursive solution scheme is required. In the
present work, an implicit extended Kalman � lter (IEKF) is used as
an effective tool for obtaining a consistent, unbiased solution of the
problem.

The visual subspace-constraint-based estimation algorithm used
in this work has severalnovel features.Perhaps the most remarkable
is that simulationshave shown that it is possibleto estimate the angle
of attack, angle of sideslip, and the angular pitch, yaw, and roll rates
in body coordinates using solely two-dimensional images. This in-
formation is of paramount importance for navigation,13 control,14

path planning,15 and aerodynamic parameters identi� cation16 of
aerospace vehicles. This ability suggests that conventional sensors
such as a triad of rate gyros,13 could, in principle, be replaced by
a simple charge-coupleddevice (CCD) camera combined with the
necessary software, which in addition to estimating the angular ve-
locityvector, also providesvaluableestimationof the angleof attack
and angleof sideslip,otherwise estimated from specializedonboard
sensors. In some, but of course not all, applications, this can be a
very interesting feature.

The performance of the proposed algorithm is analyzed by sim-
ulation, using both a deterministic scenario and a Monte Carlo
method.The simulationshavevalidated the effectivenessof the sug-
gested algorithm. The small number of feature points used, seven
altogether, imply that no extensive real-time computational ability
was required.

This work is organizedas follows.The next section deals with the
formulation of the visual motion estimation problem and presents
the mathematical model used throughout. Section III presents the
derivationof the implicitmeasurementequation,calledthe subspace
constraint.Section IV formulates the equationsof an IEKF used for
a recursive solution of the estimation problem. Section V describes
the simulation we used to verify the analysis and also considers
issues of observability and robustness. Section VI concludes the
discussion.

II. Problem Formulation: Mathematical Modeling
Suppose that an electro-opticalsensor (e.g., a downward-looking

CCD camera) is mounted rigidly on a moving aircraft. Aircraft dy-
namics are described by a six-degree-of-freedomnonlinear model,
consists of the standard 12 differential equations,13;17 as detailed in
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Appendix A. The following state vector is chosen:

x D [u; v; w; p; q; r; Á; µ; Ã; Z E ; X E ; YE ]T 2 <12 (1)

where u, v, and w are the axial, side, and normal velocity compo-
nents, respectively; p, q , and r the body roll, pitch, and yaw rates;
Á, µ , and Ã the roll, pitch, and yaw angles; and Z E ; X E , and YE the
aircraft c.g. location in Earth coordinates, to be de� ned shortly.

The control vector includes ailerons de� ection angle ±a , rudder
de� ection angle ±r , and elevator de� ection angle ±e:

u D [±a ; ±r ; ±e]
T 2 <3 (2)

In addition,a vectorof independentzero-meanwhitenoiseprocesses
with power spectraldensity QQ is introducedto accountfor modeling
errors:

w D [w1; w2; : : : ; w12]
T 2 <12 (3)

Consequently, the following nonlinear model is rendered:

Px D f .x; u/ C Gw; x.0/ D x0

Efw.t/wT .t ¿ /g D QQ±.t ¿/ (4)

The body-� xed downward-lookingcamera is a sensor, whose mea-
surements (or constraints, in the computer vision literature) provide
information about both the linear and rotational motion of the air-
craft, which can hopefully be estimated from a sequence of images.

In the presentwork, the scene observedby the camera is a collec-
tion of N feature points in the three-dimensional space, which are
projectedaccordinglyto N pointson the imageplane.Projectionson
the image planecan be trackedby, for example,a correlationtracker,
so that the positionof the image pointson the image plane relative to
the � eld-of-view(FOV) center is known up to some tracking noise.
It is assumed that these points are distinguishable from one frame
to another. To formulate the problem mathematically, the dynamics
of the aircraft should be expressed in camera axes. To accomplish
this goal, the following coordinate systems are introduced (Fig. 1):

1) E is the Earth-� xed inertial reference frame. It originatesat an
arbitrary point on the Earth’s surface at sea level. Here, xE points
north, yE points east, and zE completes the setup to yield a Cartesian
right-hand system.

2) B is the body-� xed reference frame. It originatesat the aircraft
c.g. Here, xB points toward the nose tip, yB points toward the right
wing, and zB completes the setup to yield a Cartesian right-hand
system.

3) C is the camera-� xed reference frame. It originatesat the cam-
era center of focus (COF). Here, xC points toward the FOV center,
yC points toward the right half of the FOV, and zC completes the
setup to yield a Cartesian right-hand system.

System C is rigidly attached and rotated with respect to system
B by a � xed inclination angle µS . It is assumed that the distance
between the origins of B and C is negligible, that is, the COF is
located near the aircraft c.g. This assumption is not essential, but
facilitates the mathematical formulation.

The three-dimensionalmotion of the aircraft observed from ref-
erence frame E can be translated to reference frame C by using
standard directional cosines matrices (DCMs). The DCMs utilized
hereafter are as follows:

1) The transformation from E to B, denoted by T E
B , is obtained

by three consecutive rotations around the appropriate axes by the
Euler angles Ã , µ , and Á:
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Fig. 1 Earth-, body-, and camera-� xed reference frames.

2) The transformation from B to C , denoted by T B
C , is obtained

by a single rotation around yB ´ yC by the inclination angle µS :

T B
C D

2

4
cos µS 0 sin µS

0 1 0

sin µS 0 cos µS

3

5 (6)

The line-of-sight(LOS) vectorp to some featurepoint i in the scene
E is de� ned by

.pE /i D [X F ; YF ; Z F ]T
i [X E ; YE ; Z E ]T

i (7)

Where [X F ; YF ; Z F ]T
i are the coordinates of the feature point and

[X E ; YE ; Z E ]T
i are the coordinates of the camera, both in reference

frame E .
The LOS vector .pE /i can be transformed to C according to

.pC /i D
¡
T B

C T E
B pE

¢
i

(8)

to yield [XC ; YC ; ZC ]T
i .

The angular velocity vector of the aircraft in body coordinates
!B D [p; q; r ]T can be transformedto the camera coordinatesystem
C via multiplying by T B

C , that is,

!C D [ pC qC rC ]T D T B
C !B (9)

A similar procedure is employed to transform the body velocity
vector vB D [u; v; w]T to camera coordinates:

vC D [uC vC wC ]T D T B
C vB (10)

Equations (4) and (7–10) give a complete description of the air-
craft dynamics in camera coordinates.To complete the formulation,
the perspectiveprojection2 or pinholemodel is used to calculate the
projectiontransformationfrom the scene as described in camera co-
ordinates three-dimensionalinto the image plane two-dimensional.

Extension of the current approach to alternative camera models is
possible.

The perspective projection can be formulated as the nonlinear
operator ¼ : <2 ! <3 , satisfying

"i D ¼.pC /i D ¼ [XC ; YC ; ZC ]T
i

D [ ZC =XC ; YC =XC ]T
i

1D ["V ; "H ]T
i (11)

where "V and "H can be interpreted as the LOS components of a
feature point as projected onto the image plane in the vertical and
horizontal directions, respectively.

Under the assumption that the aircraft moves rigidly relative to
the scene (i.e., there are no � exible modes between the c.m. and the
center of projectionof the camera), with translationvelocity vC and
a rotational velocity !C , the three-dimensionalcoordinates of each
feature point evolve according to

. PpC /i D !C £ .pC /i C vC ; [pC .0/]i D pCi0

´i D ¼.pC/i C ni ; 8i D 1; 2; : : : ; N (12)

where ni represents an error in measuring the position of projection
of point i , ¼ is the ideal perspective projection operator de� ned in
Eq. (11), and ´i indicates the noisy projection of "i .

Equations (12) may be regarded as a nonlinear dynamic model
having unknown parameters pC , and vC . Solving the visual motion
estimation problem consists of reconstructionof the egomotion pa-
rameters pC and vC from all visible points, that is, estimating the
states of the system from its noisy outputs. The motion reconstruc-
tion will be dealt via a least-squares inversion procedure,4 which is
the subject of the next section.

III. Generation of an Implicit Measurement Equation:
Subspace Constraint

Equations (11) and (12) can be manipulated to yield an implicit
measurement equation.This equationcan then be used to formulate
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an estimation algorithm for the aircraft state vector. The treatment
in this section is based on Ref. 4.

Recall that by Eq. (11)

"V D ZC =XC ; "H D YC=XC (13)

A differentiationof Eq. (13) yields

µ P"V

P"H

¶

i

D

2

64

"V

XC
0

1
XC

"H

XC

1
XC

0

3

75

i

. PpC/i (14)

The expression for . PpC /i given in Eq. (12) can be rewritten as

. PpC /i D

2

4
1 0 0 0 ZC YC

0 1 0 ZC 0 XC

0 0 1 YC XC 0

3

5

i

µ
vC

!C

¶
(15)

Substituting Eq. (14) into Eq. (15) yields

P"i D
µ

P"V

P"H

¶

i

D

2

64

"V

XC
0

1
XC

"H 1 C "2
V "V "H

"H

XC

1
XC

0 "V "V "H 1 C "2
H

3

75

i

£
µ

vC

!C

¶
(16)

Further manipulation of Eq. (16) and transformation into matrix
notation yields

P"i D
µ

P"V

P"H

¶

i

D
µ

1
XC

A
­­­­B

¶

i

µ
vC

!C

¶
(17)

The key observation now is that the computation of the transla-
tion velocity can be decoupled from the computation of depth and
rotational velocity. To see this, write

P"i D
µ

P"V

P"H

¶

i

D [Ai vC Bi ]

µ
1=.XC /i

!C

¶
(18)

Because the velocity vC multiplies each of the 1=.XC /i , its magni-
tude can be recovered up to some scaling constant. This expresses
the well-known ambiguity principle.18 Consequently,we restrict vC

to have a unit (or constant) norm.
This is of unique importance when the problem is discussed in

the context of aircraft state estimation from visual motion. Because
only the relations between body velocity components can be es-
timated, a natural scheme for evaluating functions of these rela-
tions, such as the angle of attack ® and the angle of sideslip ¯ (see
Appendix A for equations) can be established. The estimation of
these angles is of prime importance, due to their role in the design
of � ight control,14 path-planning,15 and aerodynamic parameters
identi� cation16 algorithms.

To generalize the treatment to all of the feature points tracked,
stack the N equations, each of form (18), to get

P" D

2

664

P"1

P"2
:::

P"N

3

775 D QC."; vC /

£
µ

1

.XC/1

1

.XC /2

¢ ¢ ¢ 1

.XC /N
!C

¶T

2 <2N (19)

where

QC."; vC/ D

2

4
A1vC 0 0 B1

0
: : : 0

:::

0 0 AN vC BN

3

5 2 <2N £ .N C 3/ (20)

At this point, one can solve in the least-squaressense for the inverse
depth and rotation,

[1=.XC /1 1=.XC /2 ¢ ¢ ¢ 1=.XC /N !C ]T D QCC."; vC / P" (21)

with QCC denoting the pseudoinverse, QCC D . QCT QC/ 1 QC T . Substitut-
ing Eq. (21) into the differential equation (19) yields the equation

P" D QC QC C P" (22)

which forms the implicit constraintcalled4 the subspace constraint:

¡
I2N £ 2N

QC QCC
¢

P" 1D QC? P" D 0 (23)

with I denoting the identity matrix of appropriate dimension.
The subspaceconstraintcan be exploitedfor recoveringthe direc-

tion of translation by solving the nonlinear optimization problem4:

v̂C D arg min
kvC 2<3k D 1

®® QC ?."; vC /P"
®® (24)

In other words, one seeks for the best vector in the two-dimensional
sphere such that P" is the null space of the orthogonalprojector onto
the orthogonal complement of the range of QC."; vC /. If QC were
invertible, the preceding constraint would be satis� ed trivially for
all directionsof translation.However, when 2N > N C 3, QC QCC has
rank at most N C 3 (Ref. 4), and, therefore, QC? is not identically
zero. Consequently,it is assumed in what follows that the numberof
feature points selected is at least four, thus guaranteeinga nontrivial
solution to the optimization problem.

To form a measurement equationsuitable for estimation, the sub-
space constraint should be rephrased to account for feature points
trackingnoise.When this is the case, the constraintcannot be solved
exactly, but rather be approximated by a recursive algorithm such
as the IEKF, to be discussed in the next section.

IV. IEKF Formulation
When the feature points projections on the image plane are not

measured exactly (i. e., the tracking is contaminated by noise), we
may write

´ D " C n (25)

Thus, Eq. (23) takes the form

QC ?.´; vC / Ṕ D ñ (26)

where Qn is a residual noise induced by the measurement noise n.
Note that although n is assumed a zero-mean white noise, Qn is by
no means white.

Equation (26) describes an implicit measurement equation in
terms of the noisy measurements and the aircraft velocity vector
calculated in camera axes. Because the aircraft dynamics (4) were
formulatedin bodyaxes, it is convenientto rephraseEq. (26) to yield
an implicit measurement equation with the velocity vector taken in
body axes as well. This is performed by recalling the relationship
given in Eqs. (10) and (6). Thus, Eq. (26) is written as

QC?.´; u; v; w; µS/ Ṕ D Qn (27)

The dynamic model (4) coupled with the implicit measurement
equation (27) are now suitable for the estimation procedure.

The estimation algorithm of choice was an extended Kalman � l-
ter (EKF) adapted to deal with implicit measurements and, thus,
called an IEKF. Because body dynamics are continuous in time and
the measurement procedure is discrete in nature, the IEKF shall be
expressedusing the continuous-discreteformulation19 suited for the
implicit measurement case. The computational algorithm proceeds
as follows.

1) If Ox.k j k/ is known, compute Ox.k C 1 j k/ by integrating nu-
merically the state-space equation

POx D f. Ox; u/; Ox.0/ D E[x.0/] (28)
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Denote Ox.tk C 1/ D Ox.k j k/ and, accordingly, the solution at tk C 1 by
Ox.tk C 1/ D Ox.k C 1 j k/.

2) With Ox.t/, propagate the covariance P.t j k/ D E
b.x Ox/.x Ox/T c 2 <12 £ 12 by integrating

PP.t j k/ D A. Ox; u/P.t j k/ C P.t j k/AT . Ox; u/ C G QGT

tk < t < tkC1 (29)

with the initial condition

P.tk j k/ D
»

P.0/ if tk D 0

P.k j k/ if tk 6D 0 (30)

and where

A. Ox; u/
1D @f .x; u/

@x

­­­­
x D Ox .k C 1jk/

2 <12 £ 12 (31)

is the Jacobianof f .x; u/ de� ned for the end of the sampling interval
tk C 1 and QQ 2 <12 £ 12 is the power spectral density of the white
process noise w [see, Eq. (4)].

3) Set P.k C 1 j k/ D P.tk C 1 j tk/. Compute the Kalman gain
matrix K .k C 1/ 2 <12 £ 2N from

K .k C 1/ D P.k C 1 j k/LT .k/

£
£
L.k/P.k C 1 j k/L T .k/ C D.k/R´ DT .k/

¤ 1
(32)

where the matrices L , D, and R´ are given by

L
1D

(µ
@ QC ?.´; vC / Ṕ

@vC

­­­­́
; Ṕ; OvC

¢ T B
C

¶
02N £ 9

)
2 <2N £ 12

D
1D @ QC?.´; vC / Ṕ

@[´ Ṕ ]

­­­­́
; Ṕ; OvC

2 <2N £ 4N

R´

1D cov

µ
´

Ṕ

¶
2 <4N £ 4N (33)

with T B
C given in Eq. (6) and 02N £ 9 denoting a matrix of zeros with

the given dimensions. R´ is one of the IEKF performance tuning
parameters. Notice that the computationof the gain matrix involves
the inversion of a relatively large matrix, but this computation can
be handled by modern navigation computers.

L, D, and R´ result from the linearization of Eq. (27), which
is essential for the formulation of the IEKF. The linearization is
discussed thoroughly in Appendix B.

4) Compute the measurement update (correction) of the estimate
from

Ox.k C 1 j k C 1/ D Ox.k C 1 j k/ C K .k C 1/ QC? Ṕ .k/ (34)

Notice the equivalence between an ordinary EKF and an IEKF as
expressed in the last term of the right-hand side of Eq. (34).

5) Finally, update the matrix P by using

P.k C 1/ D [I K .k C 1/L.k/]P.k C 1 jk/[I K .k C 1/L.k/]T

C K .k C 1/D.k/R´ DT .k/K T .k C 1/ (35)

The modeling and estimation were implemented in a six-degree-of-
freedom simulation of an aircraft, illustrating the suggested ideas
and examining the performance of the proposed algorithm. The
simulation is the subject of the next section.

V. Simulation
A. General Description

A simulation illustrating the suggested ideas was implemented
in MATLAB®. First, the nonlinear differentialequations describing
the aircraft dynamics, which are given in Appendix A, were real-
ized. The platform selected was a general aviation airplane, called
Navion, with aerodynamic data adopted from Ref. 20. The values
of the aerodynamiccoef� cients and the con� gurationdata are given

in Appendix C. The aircraft performed a slow descent combined
with a roll–yaw maneuver, so that all three maneuver channelswere
excited. Appendix C elaborates on the computation of initial con-
ditions and � n de� ections that shaped the aircraft trajectory.Notice
that an open-loop operation was assumed (i.e., no � n or throttle
commands were provided by control algorithms) because the main
interest of this work was to test the estimation algorithm. In addi-
tion, the � rst part of the analysis assumed that there were no wind
gusts.

The next step was to choose the number of feature points. In
general, it was found that a modest number of points suf� ces to pro-
vide satisfactory performance, and, consequently, a � xed number
of seven feature points were used during the simulation. Although
a larger set of points somewhat improves the performance of the
algorithm, this improvementdid not pay for the increase in compu-
tational burden.

The FOV characteristicsof the camera, however, appear to be of
prime importance for two main reasons.First, a wider FOV allows a
betterdistributionof the � xation points,preventingthe ill condition-
ing resulting from all points lying very close to each other. Second,
for wider FOVs there is no need to select and track a new feature
point insteadof a point that exceedstheFOV limits.Note that if some
point goes out of the FOV limits, a random selection of a new point
will cause a discontinuous behavior of the estimated signals. Nev-
ertheless, this discontinuityis negligiblewhen the number of points
is large enough. For the example, the FOV was computed from the
data sheet of a Sony® video camera with a 0.5-in. detector and a
30-mm lens; the resulting FOV was approximately 18 £ 13:5 deg.
Note that the ability to deal with points entering and leaving the
FOV in an almost seamless manner is one of the main features of
the approach.4

The camera inclination angle also provides a degree of freedom
for controlling the performance of the algorithm. This angle is set
based mainly on two considerations: the aircraft � ight trajectory
characteristics (altitude, body angles) and the camera FOV dimen-
sions. FOV size and inclination are not independent because the
larger the FOV, the smaller the sensitivity to inclination angle. The
link between inclination and trajectory stems from the need to pro-
vide an image with suf� cient details, such that a correlation tracker
would be able to track the feature points. For example, when the
aircraft performs a steep ascent and the inclination angle is small,
the scene image consists of mainly sky and clouds. On the other
hand, at cruise, a small inclination might suf� ce to capture a well-
textured ground image. As for the � ight scenario discussed earlier,
it was found that an inclination angle of 5 deg gives adequate
performance.

Once the number of feature points, FOV size, and inclinationan-
gle were set, the algorithmproceededas follows.First, seven feature
points were selected at random. Then, the appropriate transforma-
tion matriceswere used to convert the inertial locationof the feature
pointsto their correspondingprojectionsin camera axes, that is, onto
the image plane.

By construction, the initial feature points projections lay within
theFOV limits.Becausethe locationsof thepointprojectionschange
as a function of the aircraft dynamics, eventually some point will
exceed the FOV limits; at this stage, a new feature point is ran-
domly selected, and the process continues. In real applications,
the problem of selecting new feature points can be complicated
from an image processing viewpoint. This dif� culty is not ad-
dressed here and should be taken care of by the image processing
block.

With the feature point projectionsat hand, the implicit constraint
was calculated together with the matrices relevant for the IEKF
algorithms.The recursivecomputationproceeds to yield an estima-
tion of the observable state variables. The observability issue will
be discussed later. The nominal test scenario assumed a tracking
noise level of 0.5 m rad at 1¾ for both the vertical and horizontal
feature point projections. This characteristic is typical of imaging
sensors.

The overall simulation structure is shown in Fig. 2. The � owchart
in Fig. 2 illustrates the various stages that constitute the algorithm
of state estimation from visual information.
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Fig. 2 Simulation � owchart.

B. Numerical Results
This section contains some numerical results obtained from the

simulation described in the preceding paragraphs. The evaluation
includes two parts: a deterministic evaluation and a statistical test
using Monte Carlo techniques. Several robustness issues, such as
sensitivity to tracking noise level and unknown wind gusts, will
be also discussed. The section concludes with a brief observability
analysis.

1. Deterministic Performance
The numerical values given in Appendix C, seven feature points,

an FOV of 18 £ 13:5 deg, and an inclination angle of 5 deg
were used to generate a scenario for a deterministic testing of the
algorithm.

The tuning parameters of the IEKF were as follows:

QQ D diag.20;000; 20;000; 20;000; 100; 100; 100; 100;

100; 100; 100; 100; 100/

R´ D 0:1 ¢ I12 £ 12 (36)

Figure 3 shows a comparison between the actual and the esti-
mated body velocity components.The sluggishestimation behavior
results from the ambiguity principle discussed earlier. Only the re-

lations between body velocity componentsmay be estimated.Thus,
functions of these relations, such as the angle of attack ® and the
angle of sideslip ¯ , are expected to be estimated correctly. This is
veri� ed by the examination of Fig. 4, which depicts a comparison
between the actual and the estimated values of ® and ¯ . It is evident
that after about 3 s the estimation converges.

As shown in Fig. 5, the algorithm also provides a good tool for
the estimation of body angular rates. Figure 5 depicts the actual
and estimated values of p, q , and r . After about 6 s, the estimation
converges, yielding small errors. A complete quanti� cation of the
estimation errors will be appear in the next subsection.

The other state variables (i.e., the Euler body angles and the iner-
tial location) are unobservablefrom the visual information.Yet, the
success of estimating®, ¯ , p, q , and r yields an ef� cient and simple
way to generatevaluable informationusefulboth for navigationand
body control purposes. Moreover, these variables can be utilized to
design a complete three-axis autopilot for aircraft stabilization.

The behavior of the estimation error covariance P should be also
considered when examining the overall performance of the algo-
rithm becauseit re� ects importantaspectsof the estimationprocess.
Consequently,Fig. 6 presents the estimationerror covariancesof p,
q, and r , which are denoted Pp , Pq , and Pr , respectively. Notice
that the covariance components decrease, which implies that the
estimation of these state variables converges.

2. Statistical Performance
In addition to the deterministic scenario discussed, a statistical

examination of the estimation algorithm was performed using a
Monte Carlo method. The simulation was run 300 times, with a
different measurement noise seed chosen for each run, but with the
same standard deviation, 0.5 mrad. The Monte Carlo results are
depicted in Figs. 7 and 8.

Figure 7 presents the mean of the estimation errors of ® (top) and
¯ (bottom), together with a mean §¾ envelope. The mean values
of the estimationerrors converge to zero after about 3.5 s. After this
time, the standard deviation of the estimation error reaches a value
of 0.01 rad for both ® and ¯.

Figure 8 depicts the mean values of the estimation errors of p
(top),q (middle), and r (bottom), togetherwith a mean§¾ envelope.
The mean of the estimation error of p converge to zero after about
8.5 s. This relatively long duration stems from the low observability
of the roll rate from the visual � ow of images, especially when the
roll rate is small. However, the mean values of the estimation errors
of q and r converge to zero faster, after about 6 s. The standard
deviationsof the p, q, and r estimation errors at the steady state are
0.05, 0.01, and 0.04 rad, respectively.

Practically speaking, the Monte Carlo method is a most useful
techniquefor obtainingthe estimationerror covariancematrix when
dealing with a nonlinear estimation scheme such as an IEKF. This
analysis has proved that the estimation of ®, ¯ , p, q, and r is con-
sistent, unbiased, as well as robust to various noise regimes used
to simulate the corruptionof the feature point projections measure-
ments.

C. Algorithm Robustness
Recall that both the deterministic and statistic simulations as-

sumed the following: no wind gusts present, � xed level of Gaussian
measurement noise (1¾ D 0:5 mrad), and � xed number of feature
points (N D 7). However, in practice, all of these assumptions may
be violated.For example, wind gusts are present during any reason-
able � ight.Moreover,the measurementnoise intensitymight vary as
a function of illumination, the quality of the electro-optical sensor,
and weather conditions. The algorithm performance might change
as a result. This motivates the need for a robustness analysis, which
is the subject of this subsection.

1. Sensitivity to Unknown Random Wind Gusts
Several gust models exist in the literature. A particularly

well-known model is that of Dryden (see Ref. 21), where the
wind gust vector velocity � eld [ug ; vg; wg]T is formulated as an
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Fig. 3 Actual and estimated body velocity components; sluggish behavior results from the ambiguity principle.

Fig. 4 Actual and estimated angle of attack and angle of sideslip; estimation converges after 3 s.

airspeed-and altitude-dependent� rst-orderGauss–Markov process
with an unknownmeanvalue.However, to betterunderstandthe sen-
sitivity of the estimationalgorithmto randomgusts,we adopt a sim-
pler model, which represents gust components as random Gaussian
constants:

Pug D 0; E[ug.0/] D 0; ¾ [ug.0/] D ¾ug

Pvg D 0; E[wg.0/] D 0; ¾ [vg.0/] D ¾vg

Pwg D 0; E[vg.0/] D 0; ¾ [wg.0/] D ¾wg (37)

where

¾ug D ¾vg D ¾wg D 15 m/s (38)

Thus, every simulation run produces a different deterministic
wind gust vector. The gust values taken in the estimator model were
all set to zero. With 300 Monte Carlo runs, the performance of the
algorithm was investigated with gust model (37). The in� uence of
the unknownwind gust vectoron the estimationqualityof ® and ¯ is
describedgraphicallyin Fig. 9. As expected,theestimationerrorsre-
main unbiased, but the standard deviations are increased.However,
this effect is negligible, as seen when comparing Fig. 9 to Fig. 7.
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Fig. 5 Actual and estimated body rates; estimation converges after 6 s.

Fig. 6 Estimation error covariances of the body angular rate imply estimation convergence.

The in� uence of unknown gusts on the angular body rate vector is
insigni� cant as well.

2. Sensitivity to Tracking Noise Level
When the measurement noise level changes, a proper retuning of

the IEKF can reduce the estimation error covarianceat the expense
of a smaller convergence rate. However, because feature point ve-
locity on the image plane was computed by taking the difference
between two consecutive images, the performanceof the algorithm

deteriorates rapidly for increasing noise levels. In fact, simulations
show that a noise level above 1.5 mrad (1¾ ) may cause the estimator
to diverge.

D. Observability and Fusion with Additional Measurements
It was mentioned that not all 12 state variablescould be estimated

using a subspace-constraint estimation algorithm, which implies
partial state observability. Indeed, when examining the local ob-
servability matrix, that is,
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Fig. 7 Estimation errors of the angle of attack and the angle of sideslip; mean value converges to zero after 3.5 s.

Fig. 8 Estimation errors of the body angular rates; mean values of the pitch rate and yaw rate converge to zero faster than the mean of the roll
rate.

O 1D

2

664

L

L A
:::

L A11

3

775 (39)

one gets

rank.O/ D 8 < 12 (40)

It is well known that for time-varying systems, frozen time nonob-
servability does not necessarily imply nonobservabilityof the orig-
inal system. However, the rank de� ciency shows that observabil-
ity will be at best trajectory dependent. The unobservable states
associated with O are the three Euler angles and the inertial loca-
tion. This re� ects a concrete physical reality: The camera senses
only variations of orientation and position, due to the nature of the
electro-optical tracking. Thus, inertial quantities should be impos-
sible to obtain from merely a body-� xed electro-optical sensor.
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Fig. 9 Estimation errors of the angle of attack and the angle of sideslip with unknown random wind gusts; effect on the estimation is negligible.

VI. Conclusions
This paper addressed the estimation of aircraft motion based on

a dynamic model for the aircraft and the information obtained from
a downward-looking body-�xed camera. The basic idea is to track
feature points on the image plane and use the constraints arising
from a rigid-sceneassumption as the measurementof an IEKF. The
feasibility of the approach was veri� ed by the performance of ex-
tensive simulations of the resulting algorithm. The most important
feature of the algorithm is the ability to estimate the angle of at-
tack, the angle of sideslip, and the angular body pitch, yaw, and
roll rates. During the simulations, it was found that the estimation
algorithm might diverge if measurement noise level is relatively
high. For practically reasonable noise levels, however, the perfor-
mance of the algorithm is satisfactory. Robustness issues were also
considered. In particular, it was shown that the effect of unknown
random constant Gaussian wind gusts on estimation accuracy was
negligible.

Both the ambiguity problem and the frozen-time observability
analysisshow that a body-� xed camera cannotbe used as the unique
input for an autonomous navigation system. Note that establishing
the oppositecase was not the motivationof the presentwork. Rather,
we believe that this paper suggests that an improvement in naviga-
tion error can be expected whenever the camera measurements are
fused with an inertial measurement unit or other source of navi-
gation measurements. This implies that a body-�xed camera and
low-grade inertial instruments may provide an adequate solution
for applications, which would otherwise require better, and more
expensive, inertial instruments.

Appendix A: Aircraft Equations of Motion
We adopt the following six-degree-of-freedom model for the

aircraft motion17:
1) The dynamic translatory equations in the body axes are

Pu D Q.S=m/.CD cos ® cos ¯ C CY cos ® sin¯ CL sin ®/

C T=m g sin µ qw C rv (A1)

Pv D Q.S=m/ .CD sin ¯ CY cos ¯/ C g sin Á cos µ ru C pw

(A2)

Pw D Q.S=m/.CD sin ® cos ¯ C CY sin ® sin ¯ C CL cos ®/

g cosµ sin Á pv C qu (A3)

2) The dynamic angular equations in the body axes are

Pp D 1
¯¡

Ix Iz I 2
x z

¢
fIx [QSbCl C .Iy Iz/qr]

C Ix z[QSbCn C .Ix Iy C Iz/ pq Ix zqr]g (A4)

Pq D .1=Iy/
£
QScCm C Ix z.r

2 p2/ C .Iz Ix /rp
¤

(A5)

Pr D 1
¯¡

Ix Iz I 2
x z

¢
fIz[QSbCn .Iy Iz/qr]

C Ix z[QSbCl C .Iy Iz Iz/qr Ix z pq]g (A6)

3) The transformation of angular body rates to inertial Euler
angles rates is

PÁ D p C tan µ.q sinÁ C r cosÁ/ (A7)

Pµ D q cos Á r sin Á (A8)

PÃ D q.sin Á= cos µ/ C r.cos Á= cos µ/ (A9)

4) The transformationof ground speed from body to Earth coor-
dinates is

PZ E D h D u sin µ C v sin Á cosµ C w cos Á cos µ (A10)

PX E D u cos µ cos Ã C v.sin Á sin µ cos Ã cos Á sin Ã/

C w.cos Á sin µ cos Ã C sin Á sinÃ/ (A11)

PYE D u cos µ sin Ã C v.sin Á sin µ sin Ã cosÁ cos Ã/

C w.cos Á sin µ sin Ã C sin Á cosÃ/ (A12)

5) The aerodynamic coef� cients are, for the force coef� cients,

CL D CL0 C CL®
® C CL¯

¯ C .c=2Va/CLq q C CL±"
±e (A13)
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CY D CY® ® C CY¯
¯ C .b=2Va/

¡
CY p p C CYr r

¢

C CY±a ±a C CY±r ±r C CY±e ±e (A14)

CD D CD0 C CkC
2
L (A15)

and for the moment coef� cients,

Cm D Cm0 C Cm® ® C Cm¯
¯ C .c=2Va/

¡
Cm P® P® C Cmq q

¢
C Cm±"

±e

(A16)
Cl D Cl® ® C Cl¯ ¯ C .b=2Va/

¡
Clp p C Clr r

¢
C Cl±a ±a

C Cl±r ±r C Cl±e ±e (A17)

Cn D Cn® ® C Cn¯
¯ C .b=2Va/

¡
Cnp p C Cnr r

¢

C Cn±a ±a C Cn±r ±r C Cn±e ±e (A18)

6) The total airspeed Va , angle of attack ®, and angle of sideslip
are given by

Va D
p

.u ug/2 C .v vg/2 C .w wg/2 (A19)

® D tan 1[.w wg/=.u ug/] (A20)

¯ D sin 1[.v vg/=Va ] (A21)

where ug , vg , and wg are wing gust componentsalong the body axes
xB ; yB , and zB .

7) The relationship between air density ½ and altitude h is given
by

½ D 1:225.1 2:18 ¢ 10 5 ¢ h/4:2586 [kg/m3] (A22)

8) Finally, the dynamic pressure is

Q D 1
2 ½V 2

a (A23)

Appendix B : Linearization of the Implicit
Measurement Equation

In AppendixB we discuss in detail the linearizationof the implicit
measurement equation, which stems from the subspace constraint.
This equation is given by

QC ?.´; vC / Ṕ D Qn (B1)

where

QC? D .I QC QCT / (B2)

Notice that in the case of a standardEKF, where the measurement is
an explicit function of the state, a local linearizationaround a nomi-
nal estimatedstate is suf� cient for � lter realization.However, in case
of implicit measurements, local linearization should be performed
simultaneously around the estimated state and the measurement.
Thus, denote

³ D QC?.´; vC / Ṕ Qn (B3)

and notice that

³ ¼ @ QC?.´; vC/ Ṕ
@vC

­­­­́
; Ṕ; OvC

vC C @ QC?.´; vC / Ṕ
@[´ Ṕ]

­­­­́
; Ṕ; OvC

µ
´

Ṕ

¶

1D QLvC C D

µ
´

Ṕ

¶
(B4)

or, equivalently,

³ ¼
£

QL ¢ T B
C

­­02N £ 9

¤
x C D

µ
´

Ṕ

¶
1D LvC C D

µ
´

Ṕ

¶
(B5)

Next, denote

R´ D cov

µ
´

Ṕ

¶
(B6)

to obtainthe familiar formulationof anEKF linearizedmeasurement
equation.

A procedure for calculating the matrices QL (which immediately
yields L ) and D proceedsas follows.Denote by ° a scalarparameter,
to be either "V , "H , uC , vC , or wC , and de� ne

QC°

1D
@ QC
@°

(B7)

It can be shown4 that
QC ?

° D
¥ QC? QC°

QCC C
¡ QC? QC°

QC C
¢T ¦

(B8)

Now calculate QC° for ° D "V ; "H ; uC ; vC , or wC . To this end, re-
call the de� nition of QC given in Eq. (B8). This de� nition directly
leads to

QCuC D

2

6666664

µ
"V

"H

¶

1

0 0 0 0 0 0

0
: : : 0

:::
:::

:::
:::

0 0

µ
"V

"H

¶

N

0 0 0 0

3

7777775
2 <2N £ N C 3

(B9)

QCvC D

2

6666664

µ
0

1

¶

1

0 0 0 0 0 0

0
: : : 0

:::
:::

:::
:::

0 0

µ
0

1

¶

N

0 0 0 0

3

7777775
2 <2N £ N C 3

(B10)

QCwC D

2

6666664

µ
1

0

¶

1

0 0 0 0 0 0

0
: : : 0

:::
:::

:::
:::

0 0

µ
1

0

¶

N

0 0 0 0

3

7777775
2 <2N £ N C 3

(B11)

The matrix QL can now be obtainedby calculating QC?
uC

; QC?
vC

, and QC ?
wC

via Eq. (B8) and stacking the results as follows:

QL D

2

6666664

QC ?
uC

¢

2

6666664

µ P"V

P"H

¶

1
:::µ

P"V

P"H

¶

N

3

7777775

­­­­­­­­­­­­

QC?
vC

¢

2

6666664

µ
P"V

P"H

¶

1
:::

µ P"V

P"H

¶

N

3

7777775

­­­­­­­­­­­­

QC?
wC

¢

2

6666664

µ
P"V

P"H

¶

1
:::µ

P"V

P"H

¶

N

3

7777775

3

7777775

(B12)

Similarly, from Eq. (20),

¡ QC"V

¢
1

D

2

666664

µ
uC

0

¶
0 ¢ ¢ ¢ 0

µ
0 2"V "H

1 "H 0

¶

0 0 ¢ ¢ ¢ 0 0
:::

:::
: : :

:::
:::

0 0 : : : 0 0

3

777775

¡
QC"H

¢
1

D

2

6666664

µ
0

uC

¶
0 ¢ ¢ ¢ 0

µ
1 0 "V

0 "V 2"H

¶

0 0 ¢ ¢ ¢ 0 0
:::

:::
: : :

:::
:::

0 0 : : : 0 0

3

7777775

(B13)
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¡
QC"V

¢
2

D

2

666664

0 0 ¢ ¢ ¢ 0

0

µ
uC

0

¶
¢ ¢ ¢ 0

:::
:::

: : :
:::

0 0 : : : 0

­­­­­­­­­­­

0µ
0 2"V "H

1 "H 0

¶

:::

0

3

777775

¡
QC"H

¢
2

D

2

666664

0 0 ¢ ¢ ¢ 0

0

µ
0
uC

¶
¢ ¢ ¢ 0

:::
:::

: : :
:::

0 0 : : : 0

­­­­­­­­­­­

0
µ

1 0 "V

0 "V 2"H

¶

:::

0

3

777775

(B14)

and by this scheme

¡ QC"V

¢
N

D

2

666664

0 0 ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
:::

:::
: : :

:::
:::

0 0 : : :

µ
uC

0

¶ µ
0 2"V "H

1 "H 0

¶

3

777775

¡ QC"H

¢
N

D

2

666664

0 0 ¢ ¢ ¢ 0 0
0 0 ¢ ¢ ¢ 0 0
:::

:::
: : :

:::
:::

0 0 : : :

µ
0

uC

¶ µ
1 0 "V

0 "V 2"H

¶

3

777775

(B15)

The matrices D can now be obtained by calculating . QC?
"V

/1;:::;N ;
. QC?

"H
/1;:::;N via Eq. (B8) and stacking the results as follows:

D D

2

6666664

¡ QC?
"V

¢
1

¢

2

6666664

µ
P"V

P"H

¶

1
:::µ

P"V

P"H

¶

N

3

7777775

¡ QC?
"H

¢
1

¢

2

6666664

µ
P"V

P"H

¶

1
:::µ

P"V

P"H

¶

N

3

7777775
¢ ¢ ¢

¡ QC?
"H

¢
N

¢

2

6666664

µP"V

P"H

¶

1
:::µ

P"V

P"H

¶

N

3

7777775

­­­­­­­­­­­­

QC?

3

7777775
(B16)

When the matrices L and D are evaluatedduring the recursivecom-
putation of the IEKF, the noisy measurements of "V and "H should
be plugged in the suitable places, and the estimated velocity com-
ponents, that is, OuC , OvC , and OwC , should be used where appropriate.

Appendix C: Numerical Data
The simulation was carried out assuming a model of a general

aviation airplane called Navion.20 The values of the various aero-
dynamic coef� cients are given in Eq. (C1), and the con� guration
data are described in Eq. (C2). The � n de� ections constitute inputs
to the three maneuver channels and are given in Eq. (C3). Finally,
Eq. (C4) gives the initial conditions chosen for the simulation.

1) The aerodynamic coef� cients (per radian) are

CL0 D 0; CL® D 4:44; CL¯ D 0; CLq D 3:8;

CL±e D 0:355; Cm0 D 0; Cm® D 0:683;

Cm¯ D 0; Cm P® D 4:36; Cmq D 9:96;

Cm±e D 0:923; CY ® D 0; CY¯ D 0:564;

CY p D 0; CYr D 0; CY±a D 0; CY±r D 0:157;

CY±e D 0; Cl® D 0; Cl¯ D 0:074;

Clp D 0:41; Clr D 0:107; Cl±a D 0:134;

Cl±r D 0:107; Cl±e D 0; Cn® D 0;

Cn¯ D 0:071; Cnp D 0:0575; Cnr D 0:125;

Cn±®
D 0:0035; Cn±r D 0:072; Cn±e D 0

CD0 D 0:05; CK D 0:33 (C1)

2) The con� guration data are

S D 20 m2; c D 1:9 m; T D 15; 000 Nt

m D 1245:8 kg; Ix D 1420:9 kgm2;

Iy D 2:86Ix x ; Iz D 3:36Ix x (C2)

3) The � n de� ections are

±e D 1 deg; ±a D 0; ±r D 1 deg (C3)

4) The initial conditions are

u0 D 100 m/s; v0 D 10 m/s; w0 D 10 m/s

p0 D 10 deg /s; q0 D 30 deg /s; r0 D 10 deg /s

Á0 D µ0 D Ã0 D 0 deg; h0 D 1000 m; X E0 D YE0 D 0

(C4)
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